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Abstract We have performed the molecular dynamics
simulation to obtain energy, pressure, and self-diffusion coef-
ficient of helium at different temperatures and densities using
Lennard–Jones (LJ), Hartree–Fock dispersion-Individual
damping (HFD-ID) potential, and the HFD-like potential
which has been obtained with an inversion of viscosity data
at zero pressure supplemented by quantum corrections fol-
lowing the Feynman–Hibbs approach. The contribution of
three-body interactions using an accurate simple relationship
reported by Wang and Sadus between two-body and three-
body interactions has been also involved for non-effective
potentials (HFD-ID and HFD-like) in simulation. Our results
show a good agreement with corresponding experimental
data. A comparison of our simulated results with other mole-
cular simulations using different potentials is also included.

Keywords Potential energy function · Molecular
dynamics simulation · Quantum corrections ·
Feynman–Hibbs approach · Three-body interactions ·
Self-diffusion coefficient

1 Introduction

The knowledge of interactions in noble gases remains a fun-
damental question that is not completely solved. Despite the
simplicity of their closed-shell electronic structure, it is well
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known that a simple pair potential, by giving the essential
features of the structural and thermodynamic properties, is
not sufficient for a quantitative description, and many-body
effects have to be taken into account [1].

It is well established that the physical properties of rare
gases are overwhelmingly governed by interactions involving
pairs of molecules [2]. The rare gases except helium and neon
show the classical behavior at their liquid state. The quantum
effects of helium give rise to super fluidity. Although neon
does not display such dramatic effects, the quantum effects
can not be ignored [3,4].

Two approaches have been proposed to consider the quan-
tum effects, the so-called Wigner–Kirkwood (WK) [5–7] and
Feynman–Hibbs (FH) [8] potentials. The WK potential arises
from an expansion in powers of h̄ of the partition function
which has been used in the literature to estimate the quantum
corrections on different properties.

The FH potential used in the present work is based on the
Feynman–Hibbs variation estimate of the quantum partition
function [8], leading to an effective pair potential depen-
ding on temperature and is easy to implement in a standard
molecular dynamics (MD) or Monte Carlo (MC) simulation
code [3].

The FH potential has been studied by Sese [9] to calculate
the thermodynamic properties of the helium system using
new theoretical methods. Also Tchouar et al. [3,4,10] have
computed the thermodynamics and transport properties of
helium system using LJ potential via the FH approach.

Besides the two-body interactions, it is also well known
[11–13] that three-body interactions can make a small but
significant contribution to the energy of fluids. These impor-
tant three-body effects have previously remained undetected
because earlier works were confined to effective potentials
such as Lennard–Jones (LJ) potential [14]. It has been esta-
blished [15–18] that pair potentials alone are insufficient for
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quantitatively accurate calculations. To obtain the quantita-
tive agreement with the experiment, pair potentials must be
used in conjunction with three-body interactions [19].

The study of three-body forces began in 1943 when
Axilrod and Teller [20] used third-order perturbation theory
to calculate the three-body triple-dipole dispersion energy for
atoms with a spherical charge distribution. However, if three
body interactions are directly included in such computations,
the cost of the calculation is dramatically increased. In the
worst case, the computing time of a system of N molecules
scales in proportion to N 2 for pair interactions, compared
with N 3 for three-body interactions.

Marcelli and Sadus [17] have reported good results for the
prediction of the vapour–liquid equilibria of the pure sub-
stances argon, krypton, and xenon using accurate two-body
potentials such as the Barker–Fisher–Watts (BFW) potential
plus three-body contributions. They also showed that there
is a simple and accurate relationship between the two-body
and three-body interactions that allows us to obtain the three-
body effect in a simulation without any additional compu-
tational cost [17,18]. Recently, Goharshadi and Abbaspour
[21] performed the MD simulations for the phase equilibria
of argon, krypton and xenon with the energies calculated
from the HFD-like pair potential [22] plus the contribution
of three-body interactions using the relation of Marcelli and
Sadus [17].

Systems of spherical molecules, such as the rare gases,
have been intensively studied over a broad range of tempera-
tures and densities using pair interactions. Several MD and
MC simulations involving different approaches and different
potentials were performed for helium. The recent calcula-
tions have taken the quantum effects into account [3,4,10,23]
and three body interactions [24] cover only some state points
of the phase diagram and could not approach the properties
accurately and it is still at the limits of today’s feasibilities
to obtain accurate atomic potential functions for molecular
simulations.

The purpose of the present paper is to perform the MD
simulation to obtain internal energy, pressure, self-diffusion
coefficient of helium at different temperatures and densities
using LJ potential [25], HFD-ID potential [26], and HFD-like
potential [27] which has been obtained with an inversion of
viscosity data and a simple and accurate expression reported
by Wang and Sadus [18] for computing the three-body dis-
persion interactions. We have also considered the quantum
corrections for both potentials.

2 Theory

2.1 Intermolecular potentials

For the pair interactions of helium, we have used LJ potential
[24]:

Table 1 The coefficients of different pair-potentials of helium used in
the simulation, Eqs. (1)–(3)

Coefficients LJ HFD-ID HFD-like

rm (Å) 2.97

σ (Å) 2.55 2.64 2.61

ε/k (K) 10.22 10.92 10.4

A∗ 2.9410×105 1.044×108

α∗ 11.2970 233646.0

β∗ −1.3233 0.0

C∗
6 1.3511 2.0163

C∗
8 0.4142 7.4459

C∗
10 0.1710 −9.4245

C∗
12 0.0384

D6 1.4652

D8 1.2

D10 1.1

D12 1.0

U∗
2 (x) = 4

(
x−12 − x−6

)
, (1)

HFD-ID potential [26]:

U∗
2 (y)= A∗ exp

(
−α∗y + β∗y2

)
−

∑
n=6,8,10,12

Fn(y)
C∗

n

yn
(2)

Fn(y) = exp

[
−

(
Dn

y
− 1

)2
]

y ≤ 1

Fn(x) = 1 y ≥ 1

and HFD-like potential which has been obtained via the inver-
sion of viscosity data at zero pressure [27]:

U∗
2 (x) = A∗ exp

(−α∗x
) −

(
C∗

6

x6 + C∗
8

x8 + C∗
10

x10

)
(3)

in molecular dynamics simulation, where x = r/σ , y =
r/rm , and U∗

2 = U2/ε (σ is the distance at which the inter-
molecular potential has zero value and ε is the well depth of
potential). The values of parameters of these potentials have
been given in Table 1.

The contribution from three-body interactions was eva-
luated from a simple expression [18] that allows us to obtain
an accurate overall intermolecular potential, UT(r), solely in
terms of pair contributions, U2(r), and well-known intermo-
lecular parameters:

UT (r) = U2(r)

[
1 − 0.85υρ

εσ 6

]
(4)

whereν is the non-additive coefficient and its value for helium
is 12.6095 (kJ Å

9
mol−1) [2] and ρ = N/V is the num-

ber density obtained by dividing the number of molecules
(N ) by the volume (V ). It should be noted that [17] only
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non-effective (HFD-ID and HFD-like) potentials can be used
in this relationship. Therefore, the effect of three-body inter-
actions can be incorporated into a simulation involving
pair-interactions without any additional computational cost.
Comparison of this approach with a full two-body plus three-
body calculation indicates that there is no significant loss of
accuracy [17,18,28].

In order to consider the quantum effects, we have also
used the FH effective potential with both two-body, U2(r),
and total potential, UT(r ), as:

UFH(r) = U2,T(r) + βh̄2

24µ

[
U ′′

2,T(r) + 2
U ′

2,Y (r)

r

]
(5)

where β = 1/kBT, µ is the reduced mass, and the prime
and the double prime are the first and second r derivatives,
respectively.

As Eq. (5) shows, the FH potential appears as the sum of
the classical two-body, U2(r), or total potential, UT(r), and
a quantum correction term that depends on the mass and the
temperature.

2.2 Simulation details

The MD simulations using MOLDY software1 have been per-
formed for a system of 1,000 atoms in a cubic box and the
conventional periodic boundary condition has been applied.
We have used the NVT ensemble using a Nose–Hoover ther-
mostat for helium atoms interacting via the two-body, quan-
tum two-body potentials and via the total intermolecular
potentials. The number of time steps, nt , size of time steps,
�t , and the cutoff radius, rc, have been chosen as 5,000,
0.01 ps, and 2.5σ , respectively. The long-range correction
terms have been evaluated to recover the contribution to the
pressure and energy for the intermolecular potential.

3 Results and discussion

3.1 Pressure and energy

We have performed the MD simulations to obtain the redu-
ced internal energy and pressure of helium using LJ, HFD-ID
and HFD-like two-body potentials and a simple and accurate
expression for computing the three-body dispersion interac-
tions [18] for non-effective potentials. We have also conside-
red the quantum corrections, FH potential, for the potentials.

Our results for pressure and energy of helium in the NVT
ensemble have been compared at different temperatures

1 The MOLDY program was coded by Refson K and can be downloaded
from the internet at http://www.earth.ox.ac.uk/%7Ekeith/moldy.html.

and densities with the experiment2 [31,32] and previous
theoretical works using MD and MC simulations [3,4,10,23,
24] in Tables 2, 3, 4, 5 and 6. The normal conventions have
been adopted for the reduced density (ρ∗ = ρσ 3), reduced
temperature (T∗ = kT/ε), reduced energy (U∗ = U/ε), and
reduced pressure (P∗ = Pσ 3/ε). It should be noted that
we have used the LJ parameters (σ = 2.55 Å and ε/k =
10.22 K) [25] for reducing the dimensions of the properties.
In these tables, ‘Q’ denotes the quantum corrections using
FH potential along with the two-body potential. We have also
considered the corrections for calculating the pressure using
the total intermolecular potential proposed by Smit et al. [32].

As Table 2 shows, there is much better agreement obtained
between our simulated values of two-body and total pressure
of helium using the HFD-like potential and the experimental
values than those obtained based on LJ potential; however, LJ
potential is better than HFD-ID potential except at high den-
sities (ρ∗ ≥ 2.1) where this order is vice versa. Table 2 also
shows that including the quantum corrections increases the
pressure and improves the results, especially for LJ and HFD-
like potentials except at high densities (ρ∗ ≥ 2.1) where
our results are larger than the experimental values. However,
the FH potential could not succeed completely in capturing
the strong quantum effects that are characteristic of helium
especially at low temperatures. Similar results have been also
obtained by Tchouar et al. [4]. In the region (ρ∗ ≥ 2.1) the
HFD-ID potential shows the best agreement with the expe-
riment. Our results in this table also show that considering
the three-body interactions using Wang and Sadus expression
[18] (Eq. (4)) has small effect on the pressure and improves
our results to some extent compared to experimental data.
This table also shows that the quantum corrections have the
larger effect on the pressure results relative to the contribution
of three-body of Wang and Sadus.

We have compared our simulated values of pressure using
the two-body potentials with the previous MD simulations in
Table 3. As this table shows, our results (except of HFD-ID
potential) are much better than those of quadratic Feynman–
Hibbs (QFH) method [4,10] which were calculated based
on a path-integral simulation using the LJ potential and FH
quantum potential. Our results using LJ and HFD-like poten-
tial is also better than the DMLJ method [4,10] at high tempe-
ratures but DMLJ method is better than those obtained using
the HFD-ID potential. DMLJ method is a path-integral simu-
lation method based on the LJ potential. Table 3 shows that
the MD simulation using the symmetry-adapted perturbation
theory (SAPT) [33] and Aziz [34] potentials is better than our
results using the LJ and HFD-like potential at high densities
(ρ∗ ≥ 2.1) but our results using HFD-ID potential are better
than SAPT and Aziz potentials.

2 Available from http://webbook.nist.gov/chemistry/fluid/.
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Table 4 Comparison between our calculated values of reduced total pressure with literatural values using different two and three-body potentials

T ∗ ρ∗ P∗
exp [31–33] P∗

our values P∗
literature values

HFD-like HFD-ID SAPT+CM [24] AZIZ+BM [24]

29.3542 2.1024 1030.689 1387.6800 ± 9.8902 966.67 ± 5.4331 912.219 924.066

29.3542 2.1805 1149.159 1599.3600 ± 7.7146 1091.328 ± 4.5276 995.148 1018.842

29.3542 2.28 1338.711 1893.360 ± 0.8644 1270.080 ± 9.9254 1125.465 1172.853

We have compared our simulated values of pressure using
the total (two-body plus three-body) potentials with the MD
simulation of Chang and Boninsegni [24] using the SAPT
and Aziz two-body potentials with Cohen and Murrel (CM)
[35] and Bruch-McGee (BM) [36] three-body potentials in
Table 4. As it can be seen in this table, our pressure values
using the HFD-ID potential have better agreement with expe-
riment than SAPT+CM and Aziz+BM potentials and these
literature potentials are better than our results using HFD-like
potential. If we compare the pressure values in Tables 3 and
4, we find that the CM and BM three-body potentials have
greater effects on the total pressure relative to the three-body
potential of Wang and Sadus. This result is due to the fact that
although both the BM and the CM interactions are the sum
of two distinct terms: the (mainly repulsive) triple–dipole
Axilrod–Teller term, and an attractive term, arising from
electronic exchange taking place in triplets of neighboring
atoms but the Wang and Sadus expression just accounts for
the triple–dipole Axilrod–Teller term. Chang and Boninsegni
[24] showed that the attractive part of the three-body potential
gives the dominant contribution and Wang and Sadus expres-
sion not have this term. Our results also confirm the Chang
and Boninsegni [24] results that showed two- and three-body
terms alone are insufficient to reproduce quantitatively the
properties of condensed 4He in the pressure range conside-
red. This suggests that four-body and higher order terms may
be required.

As Table 5 shows much better agreement is obtained bet-
ween our simulated values energy of helium and the experi-
mental values [23] using QHFD-ID potential than those of
other potentials. This result confirms that the quantum cor-
rections increase the energy-like pressure and improve the
results. Our results in this table also show that including the
three-body interactions using Wang and Sadus expression
[18] has small effect on the values of energy but improves our
results. Like pressure, the quantum corrections have much
better effects to the energy results relative to the three-body
potential of Wang and Sadus.

The three-body interactions based on the triple-dipole dis-
persion term of Axilrod and Teller contribute commonly
5–10% to the overall energy of the liquid phase. Table 5
shows that the three-body interactions via the expression of
Wang and Sadus [18] contribute from 0.03 to 11% at many

state points and even to 50% at few state points to the total
energy of helium. Our results confirm that better results may
be obtained by including the four-body and higher order
terms for helium in the condensed phase.

We have also compared our simulated values of energy
using the two-body potentials with other MD simulations
using different two-body potentials in Table 6. Table 6 shows
that our results (especially those of QHFD-ID potential) are
superior QFH and DMLJ methods [4,10].

We have studied the temperature and density effects on
the results of our pressure and energy using different poten-
tials in Figs. 1 and 2, respectively. It is shown in these figures
that all the pressure results using different potentials almost
show the same trend as the experimental results with increa-
sing temperature and density. As Fig. 1 shows, at ρ∗ =
0.01 and 0.1 the pressure results using different potentials
are the same. At ρ∗ = 0.2 and higher, the pressure values
using QHFD-like potential show better agreement with expe-
rimental data than other potentials. As it can be shown, our
results using QLJ potential are better than those of QHFD-ID
potential.

As Fig. 2 shows, our results for energy using the QLJ and
QHFD-like potentials are the same but the results of QHFD-
ID potential are better than other potentials. As Figs. 1 and 2
show the effects of quantum corrections to the pressure and
energy are greater than that of three-body potential of Wang
and Sadus.

3.2 Self-diffusion coefficient

The self-diffusion coefficient, D, can be obtained based on
the Einstein formula [37] using the time-dependent mean-
square displacement of particles, expected linear at large
times:

D = lim
t→∞

1

6t N

∑
i=1,N

〈
|ri (t) − ri (0)|2

〉
(6)

where ri (t) is the position of the particle i at time t .
We have calculated the reduced self-diffusion coefficient

of helium (D∗ = D
√

m
ε

σ
) using MD simulation with different

potentials at various temperatures and densities in Table 7.
We have also compared our results of self-diffusion coeffi-
cient using two-body potentials at various temperatures and
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Fig. 1 Comparison between experimental data (see footnote 2) and our simulated results of reduced pressure at different reduced temperatures
and densities using different two-body and total (two-body plus three-body) potentials

densities with other simulations in Table 8. We have also
compared our results with theoretical calculations of Slaman
and Aziz [38] using an empirical potential and a theoretical
work using an ab initio potential [39].

As Table 8 shows, at low temperatures our results are grea-
ter than those of other simulation values and our results are
closer to the theoretical works at moderate temperatures. It

is shown in this table that our results using QHFD-ID have
better agreement with the literature works.

4 Conclusions

We have performed the molecular dynamics simulation to
obtain energy, pressure and self-diffusion coefficient of
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Fig. 2 Comparison between experimental data (see footnote 2) and our simulated results of reduced energy at different reduced temperatures and
densities using different two-body and total (two-body plus three-body) potentials

helium at different temperatures and densities using LJ,
HFD-ID and HFD-like potentials supplemented by quantum
corrections followed the effective Feynman–Hibbs poten-
tial. The contribution of three-body interactions using an
accurate simple relation of Wang and Sadus between two-
body and three-body interactions has been also included for
non-effective potentials (HFD-ID and HFD-like) in simula-
tion. Our results show a good agreement with experiment.
Our results indicated that the quantum HFD-like potential

(QHFD-like) and the quantum HFD-ID potential (QHFD-
ID) of helium have better agreements with experimental data
of pressure and energy, respectively. Our results also showed
that the including FH quantum corrections has better effect on
the results which makes better agreement with the experiment
compared to the Wang and Sadus three-body contribution.

These results show that the three-body expression of Wang
and Sadus is a reasonable approximation for helium com-
pared with other (CM and BM) three-body potentials. The
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Table 7 Our calculated values of reduced self-diffusion coefficient using the different two-body and total potentials

T ∗ ρ∗ D∗
two-body D∗

total

LJ QLJ HFD-Like QHFD-like HFD-ID HFD-IDQ HFD-like HFD-ID

0.2000 0.3650 1.1426 0.5579 1.2092 0.4522 1.3505 0.3929 1.1910 1.3590

0.2935 0.3555 1.8519 1.0228 1.5137 0.7843 1.7180 0.7477 1.3716 1.6184

0.3914 0.3240 2.1735 1.7063 2.1054 1.4326 2.2684 1.3623 2.0748 2.0797

0.4990 0.3650 1.9053 2.2581 2.0220 2.0932 1.8683 1.8700 1.9968 2.1403

0.9785 0.0126 45.1519 43.9056 44.2648 43.8692 43.7145 44.6575 0.3328 43.7150

4.8924 0.0024 243.8959 243.8008 242.8186 243.1273 244.0314 243.1415 242.8357 244.0323

7.5342 1.0752 4.9522 3.6397 4.3867 3.2733 5.1809 5.1552 4.5993 5.3025

8.6108 0.2001 70.1721 68.7376 67.8120 65.1661 72.1364 73.3980 68.7039 71.6706

9.7847 0.0012 491.6632 491.2190 489.9043 491.9638 492.0772 492.5211 464.0250 492.0772

Table 8 Comparison between our calculated values of reduced two-body self-diffusion coefficient with literatural values using different two-body
potentials

T ∗ ρ∗ D∗
our values D∗

literature values

LJ QLJ HFD-Like QHFD-like HFD-ID HFD-IDQ QFH DMLJ QMD Slaman & Aziz ab initio
[4,10] [10] [4,10] [38] [39]

0.2000 0.3650 1.1426 0.5579 1.2092 0.4522 1.3505 0.3929 0.1156 0.0034 0.0034

0.2935 0.3555 1.8519 1.0228 1.5137 0.7843 1.7180 0.7477 0.0319 0.0095 0.0297

0.3914 0.3240 2.1735 1.7063 2.1054 1.4326 2.2684 1.3623 0.0146

0.4990 0.3650 1.9053 2.2581 2.0220 2.0932 1.8683 1.8700 0.0297

0.9785 0.0126 45.1519 43.9056 44.2648 43.8692 43.7145 44.6575 14.0691

4.8924 0.0024 243.8959 243.8008 242.8186 243.1273 244.0314 243.1415 226.1387 14.0691

7.5342 1.0752 4.9522 3.6397 4.3867 3.2733 5.1809 5.1552 0.9530

8.6108 0.2001 70.1721 68.7376 67.8120 65.1661 72.1364 73.3980 221.9928

9.7847 0.0012 491.6632 491.2190 489.9043 491.9638 492.0772 492.5211 712.3368 712.3368

same results have been obtained with the Marcelli and Sadus
expression for argon, krypton and xenon. Much better results
may be obtained by including the four-body and higher order
terms for helium in the condensed phase.
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